Let G be a finite group. An effective criterion is given for a ZGlattice to be a direct summand of a permutation lattice.
Let G be a finite group. A ZG-lattice is by definition a ZG-module which is free and finitely generated as a Z-module. Such a module is called a permutation lattice if it has a Z-basis which is permuted by G, and it is called invertible if it is a direct summand, as a ZG-module, of a permutation lattice. These modules have been studied in recent years in connection with questions of rationality of field extensions and function fields of algebraic tori. (An excellent survey is Swan [4] ; invertible modules are also called permutation projective, for instance in [2] .) Our aim is to give the following criterion for a ZG-lattice to be invertible. We will prove this by first reducing to the case of a /»-group, then replacing Z by the p-adic integers Z ; for odd primes, the result will follow by using Lemma 3 below. For p = 2, Lemma 3 does not hold, and to complete the proof of the theorem we use a result of Weiss [5, Theorem 3] . In an earlier version of this work, we had used Weiss' theorem for all primes; we thank the referee who indicated to us that it could be avoided for odd primes. For results related to Lemmas 1 and 2 see Dress [2] . have greatest common divisor 1, we can find integers ap , P e 3s , with J2Pea¡, ap\G: P\ = 1 . Then the epimorphism </> is split by the ZG-homomorphism i// defined by y/jm) = }] aP 22 g ® g~ m> meM.
Pea" g€G/P Therefore, M is isomorphic to a direct summand of @Peaô indp(Mp dimQ (Q2®z 7) can be computed from the character c, of 7 : it is the number of times the trivial character occurs in ¡t,, which is by Frobenius reciprocity the number of homomorphisms x¡ which are trivial. By hypothesis II, all the x¿ must be trivial, so 7 is a permutation lattice in this case too. Since the converse is obvious, the proof of the theorem is complete.
Note that the theorem does not hold without hypothesis II: M could be the rank 1 ZG-lattice Z on which some element of G of even order acts by multiplication by -1 . We may define a signed permutation lattice for ZG to be a lattice which has a Z-basis {zrz(} such that for each g in G, gm¡ = ±mJ for some j . It is not difficult to see that our proof of the theorem can be modified (indeed simplified) to prove the following result.
Theorem. A ZG-lattice M is a direct summand of a signed permutation lattice if and only if it satisfies I for all primes p.
